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Abstract. We present a model of spheres moving in a high-dimensional compact space. We
relate it to a mixed matrix model with a(@) invariant model plus & (N) invariant perturbation.

We then study the low pressure regime by performing a diagrammatic expansion of this matrix
model. Finally, we show the results from numerical simulations and we present evidence for a
glassy regime at high pressures.

Glassy systems can be characterized as out-of-equilibrium systems in which the relaxation
is slower than the experimental time-scale [1]. The slowness of the dynamics is due to the
complexity of the energy (or free-energy) landscape, which may contain a combination of
barriers, bottlenecks and even flat directions. In the casgpiof glasses, the complexity

of the landscape is induced by tlfeistration in the spin configurations, which in turn

is a consequence of the (quenched) disorder in the couplings. In structural glasses the
ruggedness of the landscape does not necessarily come from a quenched disorder, but is a
consequence of the geometrical constraints for the motion; the disorgelf-imduced

Despite this difference in the origin of disorder, both spin and structural glasses share
some common features such as a long-term memory going back to the time when the
system was quenched to low temperature. These ‘aging’ effects can be studied analytically
in simple mean-field spin-glass models [2] and they are qualitatively very similar to the
aging effects found in true experimental spin glasses.

Recently, there has been considerable success in constructing the ‘structural’ counterpart
of such simple spin-glass models, i.e. mean-field systems without quenched disorder having
a dynamic phase transition into a glassy phase. These models include spin models [4-7],
particles on a hypercubic cell [8] and a field theory with quasi-random interactions [9]. In
all but the latter model, the glassy behaviour is a consequence of the discreteness of the
variables: a continuous version of them behaves like a ‘liquid’ at all temperatures.

The purpose of this paper is to present a model of hard-spheres [3] in a high-dimensional
(off-lattice) compactspace. We obtain analytical results for the low-pressure regime, and
numerical evidence for a glassy transition. We simulate the constant-pressure dynamics in
the high-pressure phase, and study the ergodic properties in that case.

The model is related to (but different from) ordinary spheres in a flat high-dimensional
space [10]. For the latter, only the second term in the virial expansion in terms of the
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density survives in the larg® (D = dimension) limit [11, 10], while in the present model

the pressure is scaled with so as to give non-zero virial coefficients for all powers of the
density. Unlike the flat case in our model each sphere interacts with many @jdghers
yielding on the one hand a richer virial expansion and on the other hand a problem that can
be treated with saddle-point (mean-field) techniques.

To the best of our knowledge, there is neither analytical nor numerical evidence for a
glassy regime in the flat model for high dimensionalities. The present model is easier to
simulate and thus allows for a numerical detection of a departure from a low pressure—
liquid—behaviour.

1. The model
We consider a set ol particles of positionsS,(a = 1,..., N) constrained to be on a
D-dimensional sphere:

1 D

5 Z;(S;’)Z =1 Va . (1)
The ‘distance’ between two particles on the sphere is

qab 1 D Y ,

= — S4S? = cosh” Ya < b 2

5-D ; 'S, (2)
and the hard-sphere condition reads

-0<q?®<Q VYa < b 3

where Q is the ‘size’ of the particles. We choogg of order 1 so that the angle between
particlesf®® on the sphere is close to 9Qcf equations (1), (2)). This yields a non-trivial
behaviour in the high-dimensional limit with the particle number scaling with the dimension
asN = pD and the ‘densityp of order 1. For every particle there is another in the antipodes
of the sphere. Equivalently, we can say that we identify opposite points on the sphere. In
that case, the manifold on which the particles move is no longebtliimensional sphere

but the projective plan® P(D).

An alternative normalization is to impose the minimal angle between any two particles
Omin to be fixed and different from 90in the limit N — oco. In that caseQ is of order
VD andN has to grow exponentially wittD to have a non-trivial behaviour [3]. Spheres
in a flat high-dimensional space are recovered in the ligit — 0. We do not consider
here this alternative normalization.

In order to study a constant-pressure situation, one can consider a variable radius of the
sphere on which the particles move, and a coupling term between the radius of that sphere
and the pressure. We shall instead follow the equivalent procedure of keeping the radius of
the spherical space fixed, and considering the particle @izs a dynamic variable. The
partition function reads

N
2lp. 71 = [ doexpt-n2rQl [ [[ds.ss2 - D) [[ocovD 15,8, (@)
a=1

a<b

The coupling with the pressurB is provided by the factor exp[N2P Q] in the partition
function. Note that any other function @ just amounts to a (nonlinear) rescaling of the
pressure.
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In section 3 we shall study the response of the density of the system to a space-dependent
field. In an ordinary flat space one applies a field with a strength that varies spatially as
h(t) cogkx) and then measures the corresponding space Fourier component of the density.
Here we shall apply a field that pushes the particles towards the dirgdtidn. .., 1):

h Y s, (5)

and we shall then measure the corresponding density response

m(t) = NlD<§S‘i(l)>' (6)

Finally, let us remark that one can define a shear viscosity for this model by subjecting
the system to a tangential force that varies with the ‘latitude’ from the equator of the
spherical space, and measuring the corresponding average velocities. We do not do so here.

2. Analytical calculations

In the thermodynamical limit, the free-energy depends only on the pregsared on the
densityp = N/D. Introducing the entropy

N 1
S(q*") = log f ds.8(S2-D)| | s (q“” ——15,-8 |> (7
anzl Q VD b

of all positions corresponding to a given set of overlafs (equation (2)),Z[p, P] may
be rewritten as the partition function of the following matrix model:

Z[p, P] = / dQ exp[-N?P Q] f [ [ldg* 60 — 14" ] e

a<b

ab)

8

The origin of the difficulty arising in the computation of the partition function is now clearer.
Whereas any rotation of the matrip¢® in the (Vv x N)-dimensional space of the particle
overlaps leaves the entro@y(¢®?) unchanged, the hard-sphere condition is only invariant
under the group of permutatiod®(N) of the particles. As a consequence, the action in (8)
does not depend only upon the eigenvalues;8f and the angular variables cannot be
integrated out to obtain a solvable model in the laigdimit [15]. We shall now see that
this difficulty does not prevent us from estimating the full diagrammatic expansion of the
free energy which is expected to be valid in the |®wegime.

2.1. The diagrammatic expansion

Let us now consider a generic matrix mod#l,, whose action includes two different
terms. The first one§, (M), is O(N) invariant. The second onga,b S»>(M,;), breaks the
rotational symmetry but is invariant under a permutationPgfV). Both partsS; and S,
may be expanded as integer series of their argument. Assuming that the mean é|ye of
is equal to zero, the first terms are quadraticMp, while the following ones contain all
kinds of even vertices compatible with thg ) and P(N) symmetries:

ri 81
SuM) =5 D M+ 1 D MayMycMegMaq + O(M°) ©)
a,b a,b,c,d

.
Sa(M) =5 3" M2+ g2 ) My, +O(M°) (10)
a,b a,b
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where the normalization factor in (9) ensures that the limit> oo is well defined. For
simplicity we shall consider only quartic interaction terms; the extension of what follows
to the general case is immediate. We therefore end up with the computation of

,
Y = / I;IdMab exD<_2 ; Mgb - % a;d MabecMchda - gZ; Mjb) (11)
wherer = r1 + r,. Wheng, = 0, Y may be expanded in powers of and only planar
diagrams survive in the larg¥-limit [15]. If we now consider the diagrams coming from
the g, vertex, the self-energy will include some new contributions which may be separated
in two groups:

e some diagrams are topologically equivalent to the ones arising ingthe= 0
expansion but the propagators between ghevertices are now ‘dressed’ with the
interaction: such diagrams may be simply obtained by the addition of a self-energy
term r, + 02y, , M2, in S1(M), where the value ob will have to be fixed in a
self-consistent way.

e the remaining ‘mixed’ diagrams include interactigg and g, vertices: the simplest
representative of this class is

% Z (MapMpcMcg Mg M) (12)
a,b,cd,e, f

where (-) denotes the Gaussian bare measure over the matrix elements. Once Wick’'s
contractions have been done in the inner loops of such diagrams, the number of free
indices running inside the loops is strictly lower than the power of the factor.
Following the lines of [5], it seems reasonable to conjecture that this result still holds
for all ‘mixed’ diagrams. Therefore, these diagram should not contribute in the Mrge-
limit. Although we have not been able to prove this conjecture, we believe it is exact.

The S, term turns out to renormalize the self-energy of theVvQ invariant model by an
additional factors,. As a consequence the average squared vaWi® equals the full
propagator of thes; theory, (M?)1(r + o,) with the bare mass + o5.

If we now considetS;(M) as a perturbation of th@ (N) invariant actionS,, the above
reasoning will still hold and the full diagrammatic expansion is identical to the one of the
S, model with a new contributios; to the self-energy. Thus, the mean squared value of
the matrix element equald/?),(r + o1) where(-), denotes the average value with the
action and the bare masst o1. Furthermore, it is equal to the inverse of the renormalized
mass. The self-consistency equations thadnd o, fulfil are therefore

(M?)1(r 4 02) = (M?)2(r 4 01) = (13)

r+o140s

2.2. Resummation and introduction of the disorder

We shall now see that the above diagrammatic expansion may be obtained in a compact
form by introducing the new partition function (on the same lines as in [5])

r
Y[U] = /ndMab eXp<_2 ZMazb - % Z MabecMchda
a,b

a,b a,b,c,d

—82 ; <; Uab,chcd)4> (14)
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where U is a N2 x N? orthogonal matrix. The important point is that the annealed
partition functionY[U], averaged over all orthogonal matridés has the same diagrammatic
expansion as the original (11) which corresponds to the particular cholég .; = 84:6pa-

Let us definel,;, = Zc‘d Uuw.caM.q and its Lagrange multipliefa,, to rewrite

2 & 4
Y[U] = / l—[ dM,, dT,, dT,, exp( Z Mg, — N a;d MopyMpcMcgMy, — g2 Z T,

+ Z fabTab - Z fahUab,chcd> . (15)
a,b

a,b,c,d

If we now average’[U] over all possible choices of the orthogonal matrixwe obtain [5]

[7 = / 1_[ dMub dTab dTab exp<_ Z Maz Z MabecMchda — g2 Z Tu4b

a,b abcd a,b

+ZTabTab + G(ZTaZbZMCZd)> (16)

where
1
G(t) = log / dx (1 — x2)N/2dNT (17)
-1

Introducing the order parameter$ >, 72 and A = 5 Y., M2, and their respective
Lagrange multiplierst and 1, we see from the above expression (16) ¥qi/] that the
integral over thel” variables is purely Gaussian and may be analytically performed.AThe
andT variables, whose vertices are respectivepN@and P (N) invariant, are thus coupled

only through an additive renormalization of their masse4 landt respectively. Therefore,

the introduction of the disorder and the annealed average we have carried out has permitted
us to find another partition function which must be equal to the whole resummation of
the diagrammatic expansion &f exposed in the previous paragraph, provided that (13) is
fulfilled, that is

1
2 _ 2 _
(M*)(2) =(T >(T)_7T—‘r)»- (18)

It is possible that the disordered model also yields information about the high pressure
phase.

2.3. The hard-spheres free-energy

Let us now apply the previous results to our original problem of interacting hard spheres.
Starting from (8), we introduce the orthogonal matkix

Z[U,p, P] = /dQ exp[-N2P Q]

/l_[dS 5(S2-D)[]¢ (

- Z Uab.cdSc * Sd

) (19)

a<b c<d
and average over all possible choices of such matrices to find
Z[0. 5, 0] = f dQ . dr & V2FO-x.0.0.P) 0

where
F(ht,Q,p, P)=AF,(h p) + 37F(r, Q) — Jlog(r + 1) + QP (21)
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and the two free energies corresponding to th@vO«< N) and P(N) interactions,
respectively, equal

: 1 N ) A )
F,(., p) = N,'z'ﬂoo — |og/£[ldsa 8(S? — D) exp(—4D ;(Sa .S, > (22)
at fixed densitypo = N/D and

1 Q0 dx T
Fy(t, Q) = —=| — ——x?%). 23
x. 0) f°g/Qmexp( 5+%) (23)
The saddle-point equations with respectrtand A read
2
a * 1
<(SDSI’)> — (x?), = (24)
» T+ A

where the measurds), and(-); correspond to the free energies (22) and (23), respectively.
Defining explicitly the latter,

exp(—tx?/2)
[, dy exp(—7y?/2)
the saddle point ove@ reads
P@Q)=P. (26)

InterpretingP (x) as the probability distribution of the overlap between two spheres, identity
(26) expresses the usual relation between the pressure and the value of the pair correlation
function at contact in hard-spheres systems [12]. Note that the low pressure theory therefore
predicts a (truncated) Gaussian distribution of the overlaps between the spheres while the
sign ofz appearing in (25) may become negative at sufficiently high pressures. This happens
when many spheres are touching themselves. The probahilif their mutual overlap
being equal toQ (or — Q) it then becomes higher than the probabillyx = 0) of finding
‘orthogonal’ spheres.

At low Q, the pressure of this solution diverges as

1
O( - O
Q - Qmin
where Qmin = /1 —1/p.

P(x) = (25)

P (27)

3. Numerical simulations—the glass transition

In order to locate a possible transition, we have performed simulations with Monte Carlo
dynamics. The simulation starts from a configuration without overlaps between particles,
and a large value o) (corresponding to small particles or, equivalently, low density).
The particles are moved randomly, and the changes are accepted if they do not violate the
hard-sphere condition.

In a first set of simulations (corresponding to infinite pressure in the transient), every
At steps an attempt is made to enlarge all the particles by an amgunp — Q — §Q.
If the change in size does not generate an overlap, then it is accepted. When a given target
value Quargetis reached, the system evolves at fix@d= Quarger Different annealing speeds
correspond, in this set of simulations, to smaller proposed changékaig: and larger
intervals between changes Ofarget
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085 T T T T T T

distance

Figure 1. Mean squared distancEa#b qu/N(N — 1) between particles versus particle size
02 for D = 64, N = 128. Four different annealing times.

A second set of simulations was done at constant pressure as follows: the particles are
moved at random as before, never accepting overlaps between them. After every motion
an attempt is made to change the particle size. If the change generates an overlap, then
it is rejected. If it does not generate an overlap, then it is accepted with the Monte Carlo
probability associated to an energi? P Q (cf equation (4)). At not too high densities, we
have observed that the number of sweeps needed to thermalize roughly scalfes as

We have done simulations fgr = 2 and D = 4, 8, 16, 32 and 64. For dimensions
up to 16, at high densities the system goes to a regular structure (see below). We have
carried out larger simulations fob = 32 and 64. Figure 1 shows, fab = 64, the
plot of average interparticle ‘squared distange;# g2,/N(N — 1) versus particle siz@
obtained with the infinite-pressure algorithm for four different annealing times (each one
half of the previous, the longest run consisting of about 4@eeps), together with the
analytical curve. One can see the departure of the numerical points from the low-density
solution at a value oD < 1. The dependence on the annealing velocity becomes more
important at higher densities. However, we have checked that the correction due to the
finite annealing time vanishes as the annealing time to a power clos8.50 The limit of
infinitely slow annealing yields a value that is different at high densities from the analytic
computation for the liquid phase.

More detailed information is obtained by plotting the histogram of normalized relative
distances;,;,/ Q for different particle sizeg) (figure 2). As the particle size is increased
the typical distances become more and more concentrated near the minimal d@tarce
most spheres are almost touching.

The low-density solution of section 2 predicts a Gaussian form for this distribution in
the low-density phase. By comparing this prediction with the numerical data we can see at
which density the low-density solution breaks down.

In figure 3 we plot the coefficient of the Gaussian obtained by doing a numerical fit of
the data versus the analytical prediction of the previous section. The agreement is good up
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18 Y T v Y T T T T T

4l -

12

10 F

Pq

0 0.1 02 03 04 05 0.8 07 08 09 1
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Figure 2. Histogram ofg,, versusq/Q for Q of 0.791960 (lowest curve aj/Q = 1),
0.862670, 0.919 239 and 1.06066 (highest curvg/a&@ = 1).

0 T T T T T T T T T

-5 b .
.10 - -
.15 |- -
20 L L L L 1 L 1 L | wsl ”

0.7 0.75 0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2

Figure 3. 7 versusQ (full curve) analytical result for the low-density phase. Coefficient in the
Gaussian fit of the histogram @f,, from the simulation. In the inset the error corresponding
to the Gaussian fit.
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Figure 4. Sphere diamete@ as a function of the pressuge Diamonds: pressure estimated

from the histogranmP (¢*?) for D = 64 using the longest run. Crosses: annealing in the pressure
for D = 32. Full curve: low-density analytical calculation.

to a value ofQ around 0.84. A further confirmation of the transition density is obtained
by computing the error in the Gaussian fit. The inset of figure 3 shows that the error is
negligible for 0 > 0.84 and starts growing for smaller values @f (corresponding to the
high-density phase). This means that, for< 0.84, the distributionP (¢¢*) is definitely

not a Gaussian.

With the constant pressure algorithm we have performed a slow annealing in pressure.
The result of Q versusP for D = 32, p = 2 (the volume versus pressure curve for this
model) is shown in figure 4. Again, the analytical low-pressure curve breaks away from
the numerical one at a value @ consistent with the previous one. In this figure we
also show the pressure as obtained from the probability,pft g.,, = Q (see [12]). An
asymptotic form of the pressure (27) describes well the data for the longest run at low
Q and D = 64, the values of the constant factér= P(Q — Qmin) and Qmin being 0.4
and 0.76, respectively. These values are close but different from the theoretical low density
prediction of Qmin = 1/+/2.

From these simulations we see that there is some sort of dynamical freezing at large
pressures. In order to try to understand the nature of the dynamical high-pressure regime,
we have performed a numerical ‘aging experimentPat= 84 (D = 32, p = 2). We
perform a rapid ‘quench’ in pressure down Po= 8.4 in the presence of a constant field
(h = 30) as in equation (5). The conjugate density (6) tends to stabilize after a transient.
We now cut the field at different timeg, and observe the decay of the density response (6)
for further timesr. The results are shown in figure 5, for three differgnttogether with
(in the inset) the evolution of the density response for constant field.

We see that the remnant density response has a very slow decay after the field has been
cut off. The spheres are very blocked in a position that was generated under the field, and
have difficulty in rearranging themselves. The system in which the field has been cut off

first has the fastest decay of the density response. The question now is whether the system
has ‘true’ or ‘weak’ ergodicity breaking, as we shall discuss below.
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Figure 5. Density response in the aging simulatier(s + r,,) versust, log—linear plot. The
waiting times are,, = 25 x 10%, 63 x 10* and 102x 10*. Inset: density response for constant
field; the vertical range is from 0.15 up to 0.20. The time axis is the same for both graphs.

4. Discussion

Let us now discuss the physics of this model, in view of the results we have obtained and
of what we know from spin-glass dynamics. First of all we must discuss possible finite-size
effects. A finite system cannot have a sharp transition; at finite pressure it will eventually
equilibrate, and thus cannot have a glassy regime either. We have simulated the system with
D = 16, p = 2 and found evidence of equilibration: the distribution of overlaps tends to
have a few peaks, suggesting a fall into a ‘crystalline’ state. Though we have not performed
a detailed analysis of the dependence of the equilibration time @pamd N, we know

that it rapidly increases with both parameters. For the larger sizes we have presented (e.g.
D = 32, 64,p = 2) we have observed no evidence for the formation of a crystalline state,
the resulting functionP (¢**) being smooth.

Let us then discuss what is the behaviour of the model for large but finite times (as
compared to the system size). The first question that arises is what is the role of the
annealing procedure or, rather, what would it be in a system With> co. In order
to distinguish the dependence upon different annealing velocities from aging effects, we
shall consider first the asymptotic value afe-timequantities (distribution of interparticle
distances, density, etc). Let us be more precise and consider the following procedure: we
start with the system at low density and we increase the pressure with a given velocity up
to a given final pressure. After that we let the system relax at constant pressure for a long
subsequent time. The question is now whether the asymptotic value of, say, the distribution
of interparticle distances depends upon the annealing velocity. Our data are compatible
with the assumption that there is no such dependence. In this respect this model behaves
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as real spin glasses which are different from ordinary glasses in that the large-time limit of
one-time quantities are independent of the annealing procedure [16].

In the high-pressure regime there is obviously some form of slow dynamics (see
figure 5). The question now arises as to whether we are in the presence of ‘strong’ or
(as is the case in spin glasses) ‘weak’ ergodicity breaking. In the first case, the system
remains confined in a small region of phase space and remembers forever the conditions in
which it was prepared. In the ‘weak’ ergodicity braking scenario, there is ho confinement
within a small region of phase space. For generic initial conditions after a sufficiently large
time the system forgets any perturbation that lasted for a finite time (and, in particular the
initial condition). However, as the system ages it moves slower and slower, and the time
needed to forget any perturbation grows with the time during which the perturbation acted.

In the context of our ‘aging experiment’ of the section 3, the questions are whether the
density response decays to zero for anyin which case the ergodicity-breaking is ‘weak’)
and whether the typical decay time depends pif'aging’).

The results shown in figure 5 seem to point in the direction of weak ergodicity with
aging, but they are hardly conclusive. The decay is extremely slow, an effect that has
already been observed in the models with self-induced disorder that appeared recently in
the literature. For the related matrix model of [8] it is clear that the autocorrelation function
decays to zero but it does so extremely slowly. Egr> 1 andt,/t +t, = O(1):

C(T + ty, ty) ~ (ty/T + 1,)%%.
In summary, the model has a high-pressure regime where:

(i) the exactlow-pressure theory fails,

(ii) there is no evidence of geometric order,

(iii) there is evidence of waiting-time dependence in the aging experiments and hence of
non-equilibrium dynamics.

In this paper, we have presented a spherical mean-field model for hard spheres which
we have solved in the low-pressure phase. We believe that it can provide an analytical
description of such typical glassy phenomena as the viscosity increase around the glassy
transition and aging effects [17] but possibly not remnant dependences on the annealing
procedures.

In principle, one could attempt to solve the dynamics of this model in the high-pressure
phase in the same way as performed for mean-field spin-glasses [2]. A first step in this
direction could be to analyse the structure of phase space via the disordered model described
in section 2.2 (as in [5, 6]) or, directly with the method of [18].
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